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Decentralized Optimization

1 N
mxin flx) = N2i=1fi (x)
L]

N
min F,(x{, .., Xy ) = — fi(xi)
X1, XN N i=1

s.t. x; = x; V (i,) neighbors

Decentralization

» Local function: f;
» Local copy of x: x;

f2
&f/,ﬁ O—= Me
f3 W4

Iterative algorithm

» Local computations
» Local communications (W)
so that x; = x; (eventually)



Decentralized Gradient Descent (DGD)

N
min F,(xq,..,xy) = — fi(x;)
X1, XN N i=1

f2
fi L
_ ‘\/ o \_/
s.t. x; = x; V (i,j) neighbors X1 e X2
W23

Decentralization £ W24

> Local function:  f; ‘ fa

> Local copy of x:  x; U e ° N

X3 -

Decentralized Gradient Descent (DGD)

For each iteration k
v = Z Wij X]k Consensus step

xftl = yl — aVfi(x{) Local gradient step




Motivations: Decentralized Machine Learning

Notations Model training
* Model parameters x . z

min Error(x,d) + regul (x
 Dataset{d € D} x L (x, d) gul (x)

Decentralization

» Part of the data D;
» Local function

fi(x) = Z Error(x, d)
d eD;
» Local copy of x

=) Motivations Big data — Privacy — Speed Up



Decentralized Optimization

m) Many challenges for better methods
BUT

Analysis highly complex

optlmlzatlon

communlcatlon

» Performance bounds: complex and conservative

» Difficult algorithms comparisons ?

» Difficult parameters tuning e

—o




@ Objective

-

function MyDecentralizedAlgo()
N=10; % number of agents
x0 = init(N); % initial points
X = Xx0;

for k=1:niter
% any local computations
% any local communications
x = update(x,N);

end

\_

~N

Exact worst-case

performance

Iterations

v

Impact for decentralized optimization

» Access to accurate performance of methods

» Easier comparison and tuning of algorithms

» Rapid exploration of new algorithms.



Performance Estimation Problem (PEP)

idea

Worst-cases are solutions to optimization problems

Find the|worst|f; and x* for K iterations of method M

H:(> fi and x{‘ maximizing the error criterion after K iterations



PEP for Distributed Optimization

[Colla 2022]

max perf(f;, xl-o, ---,XLK)

k ..k
f;:)xi )yl ;x*

With  f; € class of functions
x; initial condition
Vi(x™) = optimality condition
bt algorithm description
Toolbox Yire Vi

PESTO 4
PEPit &

Can be solved with proper discretization
and SDP reformulation .


https://github.com/AdrienTaylor/Performance-Estimation-Toolbox
https://github.com/AdrienTaylor/Performance-Estimation-Toolbox

PEP for Distributed Optimization

Example of setting for DGD [Colla 2022]

1
max perf(f;, xlp, e X5 =f(ﬁz_x{(>—f(x*)

l
k ..k
]ci)xi )yl ;x*

With  f; convex with bounded subgradients

1 N 0 *
Nzizlﬂxi —X

2
< R* initial condition

Vf(x*) =0 optimality condition
[k N k
yi =)  Wijx
Toolbox DGD j=1
PESTO 4 1 k+1 & " fori=1..N
PEPit @ xi =y —aVfi(x fork=0..K—1

Can be solved with proper discretization
and SDP reformulation


https://github.com/AdrienTaylor/Performance-Estimation-Toolbox
https://github.com/AdrienTaylor/Performance-Estimation-Toolbox

PEP for Distributed Optimization

Example of setting for DGD [Colla 2022]

1
max perf(f;, xlp, e X5 =f<ﬁz_x{<>—f(x*)

l
k ..k
]ci)xi )yl ;x*

With W given Spectral cla.ss of W
symmetric
Exact W  doubly stochastic
Specific AW) € [17,27]
relaxation
_ v 1t
k _ k
Yi = 2 Wijl x;
Toolbox DGD j=1
PESTO 4\ 7 K+l .k . K fori=1..N
PEPit @ xi =y —aVfi(x;) fork=0..K—1

Can be solved with proper discretization

and SDP reformulation "


https://github.com/AdrienTaylor/Performance-Estimation-Toolbox
https://github.com/AdrienTaylor/Performance-Estimation-Toolbox

PEP for Distributed Optimization

[Colla 2022]

» Tightness observed in all experiments (DGD, DIGing, etc)
» Improved performance guarantees and tuning

» Interesting insights (e.g. worst network matrix)

Example for DGD:

——Theoretical bound [NOR17]
—— Spectral worst-case bound

35

Accuracy
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PEP for Distributed Optimization

[Colla 2022]

» Tightness observed in all experiments (DGD, DIGing, etc)
» Improved performance guarantees and tuning

» Interesting insights (e.g. worst network matrix)

Size of the SDP PEP formulation

» Depends on the number of variables (increasing with N and K)

» Does not depend on their dimension d (d is unknown)
because SDP reformulation involves scalar products

max perf(f;, le, ---;xiK)

k ..k d fori=1...N
) X, Vi ER or 1
fl i Vi fork=0..K



DGD — Worst-case evolution with N
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New Contributions

PEP for distributed optimization whose size (and results) are
independent of the number of agents N

Advantages
* Performance guarantees for any value of N

* Small size PEP are easier to exploit



max

k . k
fil Xi Vi

N agents

Global representation

perf(f;, x

K iterations

0

i ) nun

max

1
Fsk(X)k— ~
X“,y
x0  x!
x  xf
Xy Xy

perf(F;, X

évzlfi(xi)

K iterations

0 ...,xK

Size of the SDP PEP formulation
» Depends on the number of variables

» Does not depend on their dimension




PEP - local representation

PEP - global representation

(example for DGD)

max  f (%Zx’() - /()

k ..k ..x
fil Xi Yi X

f; convex with bounded subgradients

1 N 0 i}
72l =

Vi(x*) =0 optimality condition

2
< R?

max  F(x"1) — F(x")

F,, x*,y*, x*

F; convex with bounded subgradients

1
NIIx X*||° <

*

X optimality condition



PEP - local representation PEP - global representation
(example for DGD)

1 * _K
max 7 (g ) - e max  F(¥1) - F(x")
fir x{', v, x° Fy, x5, y%, x°

i N L k

yiE= )  W;xf y© = (Wel)x
DGD - J=1 i=1.N DGD -

Xt =y — avVfi(xf X1 = yk — aN VE(x¥)

symmetric symmetric
for W  doubly stochastic for W doubly stochastic

AW) € [A~, 1] AW) € [17,17]



PEP - local representation PEP - global representation
(example for DGD)

max 7 (g ) - e max  F(E¥1) - K"

k ok
fio xX, yk x* F,x",y", x*

For any decentralized method that combines

e Gradient evaluations
* Consensus steps
e Linear combinations

N -
_ . .
yiE= )  W;xf y© = (Wel)x
DGD - /= DGD -
Xt =y — avVfi(xf X1 = yk — aN VE(x¥)
symmetric symmetric
for W  doubly stochastic for W doubly stochastic

AW) € [A~,17] AW) € [A7,27]



PEP - local representation PEP - global representation
(example for DGD)

max 7 (g ) - e max  EEID - A&
R | Elxtyfx
? R =23, fi(x)

For any decentralized method that combines

e Gradient evaluations
* Consensus steps
e Linear combinations

N -
_ . .
yiE= )  W;xf y© = (Wel)x
DGD - /= DGD -
Xt =y — avVfi(xf X1 = yk — aN VE(x¥)
symmetric symmetric
for W  doubly stochastic for W doubly stochastic

AW) € [A~,17] AW) € [A7,27]



PEP - local representation PEP - global representation
(example for DGD)

1 " —K *
max 7 (g ) - e max  EEID - A&
fi, xE yk x* Exk v, x* " relax separability
| RS AR AV A S 5 Y 1
- Fy(®) = ~ Sl
For any decentralized method that combines
* Gradient evaluations
* Consensus steps
* Linear combinations
- N [ ok k
yiE= )  W;xf y© = (Wel)x
DGD - J= DGD -
Xt =y — avVfi(xf X =y — aN VE(x)
symmetric symmetric
for W doubly stochastic for W doubly stochastic

AW) € [A~,17] AW) € [A7,27]



Generalized Decentralized Problem

relax separability of Fy

"

1 N :
' = — (x; min F(X
min K =5 ) filx) in F ()
S.L. X1 ==Xy S.t. X € C
1 Generalized Decentralized Problem
x=|:i|eRN
XN
Consensus subspace C = {x € RV? | x; = - = xy € R%}

@ How can we represent x* € Cin PEP?

19



Change of variables

to decouple consensus subspace and its orthogonal complement

Consensus subspace C = {x e RN | x4 = =xy € Rd} size d

CL  orthogonal complement of C size (N — 1)d

Change of variables

X1

a= (5] x=f

XN



Change of variables

to decouple consensus subspace and its orthogonal complement

Consensus subspace C = {x e RN | x4 = =xy € Rd} size d

CL  orthogonal complement of C size (N — 1)d

Change of variables

[ ] Q” ith QT hthat * 1 zN
Wi g ]
X, \/— | suchthat X N i=1xl

I Q = [Qy Q.] is orthogonal

X=\/NQ bx:k\/ﬁQllfJ+\k/ﬁle+
/ /

eEC ect

XEC (= xJ_=O




Change of variables in the decentralized problem

Change of function F: RV? - R, F(,x) = F(VNQ,x) = F(x)

(GDP)

. v, F
Vi F(pX)
' min F(,X
min F(x) — X (pX)
st. x €C s.t. x; =

Optimality conditions

pX " is optimal solution of (,GDP) iff

x; =0 and

V"F(bx*) =0

(,GDP)

22



Change of variables in the decentralized algorithm

Decouple the updates

- V. F(,.x
v’ Gradient evaluations ~ VF(,x) = l | ~(b )
V,F(px)
v’ Linear combinations ax+py+yg=apx + Bpy + V8
el )]s ]
+ +
¢ [xJ_] B [)ﬂ 4 g1
symmetric
v" Consensus step yk = (Wel,)xk  withw doubly stochastic

AW) € [17,2%]

doubly stochastic == ¥ = xk

spectrum A(W) = yf=Wxf ith W symmetric
A(W) € [17, 7]



Agent-Independent PEP formulation

(example for DGD)

max F(x%1) — F(x*)
x,y*, x*

F convex with bounded subgradients

1
0 * |2
—|[|X" —X <R
~I1x® —x" |
X" optimality condition
y“ = (Wely)x*
DGD

xk+t1 = y* — gN VF (x*)

symmetric
for W generalized doubly stochastic
AW) € [47,17]

~

max

I

—k —k

xJ_ryJ_

A5 1)-

()



Agent-Independent PEP formulation

(example for DGD)

max F(x%1) — F(x*)
x,y*, x*

F convex with bounded subgradients

1
0 * |2
—|[|X" —X <R
= [1x° —x" |
X" optimality condition
= (Wel,)xk
DGD

xk+t1 = y* — gN VF (x*)

symmetric
generalized doubly stochastic
AW) € [17,27]

forW

~

max
—k —k

xJ_ryJ_

A5 -# ()

F convex with bounded subgradients

2
120 —x* |12 + ||x — 3| < R?

x; =0 and V”F'([x*]) =0
X1

consensus 37" = xk

i A(W) e
step I YJ_ — le

~ ([ick
fk+1 = yk — (XVHF( k )
gradient _'xJI_c
~ ([x*]
P |kt =yl - an,F([5)
! X T



Agent-Independent PEP formulation

(example for DGD)

max (5 ]) -7 ()

F ok gk
xJ_ryJ_
F convex with bounded subgradients
_0 =k (|2 0 % [|2 2
|x° —x* || +||xl <R
* I f*
x; =0 and Vi F(|[_«]]=0
X1
T <k _ ok
consensus_ yk =X A(W) € [/1_,24_]
step yi =Wxj
! gk
fk+1 = :)_/k — (XVHF( k )
gradient X1
step | k41 _ .k = ([x*
X =y —aviF g
[ X | ]

Can be solved with proper discretization J -
and SDP reformulation




Tightness analysis - DGD

4 T T T T
]
]
1
I
3r / §
4
V4
3 Theoretical bound y
q0] N-independent [NOR17] 4
= ot \ ’ ’ 7
>
o -7
< -7
- - . \’\t)
-- = REV‘OUS (tig 022)
| w
1— NEW N-independent PEP bound
O | | | |
0 0.2 0.4 0.6 0.8 1

A

For K = 10 iterations,and A(W) € [—4,1]

With convex local functions with bounded subgradients (R = 1)

26



Tightness analysis - DIGIng

._;
1-1e-6 — .
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:- N = R -
< 1-1e-2 :_ _________
. pREVIOUS (tight) /\'
: N = 2 PEP bound [Colla 2022]
I N-independent PEP bound

| | | 3
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For K = 10 iterations, £ = 0.1, L = 1and A(W) € [—A4, A].
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1.2 |

Accuracy

0.2

0

08

06

04 r

Algorithms comparison

== = DIGing, W time-varying
m—— D[Ging, W constant
== =EXTRA, W time-varying
e EXTRA, W constant

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

A

For K = 10 iterations, £ = 0.1, L = 1and A(W) € [—A4, A].

28



Conclusion

. . . Sébastien CoIIa
Automatic tool for accurate performance estimation

of decentralized optimization methods

function MyLJecenLLal dAlg >0

N = 10; num
0 = init (N .
X init (N); G
x = x0; —
Q) L
for i=l:niter [l
Ny ca

Worst-case
performance

v

ind ca
x = update (xN)

Ilterations

end

end

PEP idea: worst-cases are solutions of optimization problems

Agent-independent spectral PEP formulation

v’ Size problem independent of N

v' Appears to be tight
v" Improves on the literature bounds

We can answer a large diversity of (new) questions

Future works

O Understand tightness of this formulation
O Other classes of averaging matrices


https://perso.uclouvain.be/sebastien.colla/
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