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Outline

1. Hands-on: Counter-Examples & Dimension Reduction

2. Technical Leftover Details: Interpolation, Homogeneity, Matrices

3. Dual and Proofs
3.1 Understanding the Dual
3.2 Playing with Dual values
3.3 full derivation on GD squared distance

4. Conclusion
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From worst-case rate to worst-case instance

After problem.solve (), PEPit returns 7 and the optimal Gram matrix G 3= 0.
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From worst-case rate to worst-case instance

After problem.solve (), PEPit returns 7 and the optimal Gram matrix G 3= 0.

What G* encodes:
® G; = (pi, pj) for sampled vectors
pi € {Xk — Xy Bk - - }
® rank(G*) = dimension of the worst-case
instance.
® point.eval() extracts the coordinates.
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After problem.solve (), PEPit returns 7 and the optimal Gram matrix G 3= 0.
What G* encodes:

® G = (pj, pj) for sampled vectors
i p7pj p

pi € {xk — Xu, &y - .} Rank-minimisation heuristic
® rank(G*) = dimension of the worst-case Two-phase SDP:
instance.

1. Solve — 7*.
® point.eval() extracts the coordinates. 2. Fix

= low-rank G, same 7*.

minimise Tr(G) or log det.
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From worst-case rate to worst-case instance

After problem.solve (), PEPit returns 7 and the optimal Gram matrix G 3= 0.

What G* encodes:

® G; = (pi, pj) for sampled vectors
iy ) o e . . . e
pi € {Xk — Xe ks - -} Rank-minimisation heuristic
® rank(G*) = dimension of the worst-case
instance.
® point.eval() extracts the coordinates. 2. Fix

Two-phase SDP:
1. Solve — 7*.

= low-rank G, same 7*.

minimise Tr(G) or log det.

pepit_tau = problem.solve(
dimension_reduction_heuristic="logdet2",
tol_dimension_reduction=1e-6)

# or "trace"
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Example 1 — GD for Smooth Convex Minimization

Setting: f € o1, xe+1=x —Vf(x), y=1/L, n=4. Init: ||xo — )<*||2 <1. : f(xn) — Fi.
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Example 1 — GD for Smooth Convex Minimization

Setting: f € o1, xe+1=x —Vf(x), y=1/L, n=4. Init: ||xo — )<*||2 <1. : f(xn) — Fi.

A w Nk

0 N o o

from PEPit.functions import \
SmoothStronglyConvexFunction

L =1; gamma = 1/L; n = 4

problem = PEP()

f = problem.declare_function(
SmoothStronglyConvexFunction, L=L, mu=0)

xs = f.stationary_point ()
gs, fs = f.oracle(xs)
x0 = problem.set_initial_point ()

gx, fx = f.oracle(x0)

problem.set_initial_condition ((x0-xs)**2 <= 1)
for i in range(n):

x0 = x0 - gamma * gx
gx, fx = f.oracle(x0)
problem.set_performance_metric(fx - fs)

pepit_tau = problem.solve(
dimension_reduction_heuristic="logdet2",
tol_dimension_reduction=1e-6)
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SmoothStronglyConvexFunction, L=L, mu=0) ® Can be verified analytically!
xs = f.stationary_point ()
gs, fs = f.oracle(xs)
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Example 1 — GD for Smooth Convex Minimization

(PEPit) Setting up the problem: performance measure is the minimum of 1 element(s)
(PEPit) Setting up the problem: Adding initial conditions and general constraints ..
(PEPit) Setting up the problem: initial conditions and general constraints (1 constraint(s) added)
(PEPit) Setting up the problem: interpolation conditions for 1 function(s)
Function 1 : Adding 30 scalar constraint(s)
Function 1 : 30 scalar constraint(s) added
(PEPit) Setting up the problem: additional constraints for @ function(s)
(PEPit) Setting up the problem: size of the Gram matrix: 7x7
(PEPit) Compiling SDP
(PEPit) Calling SDP solver
(PEPit) Solver status: optimal (wrapper:cvxpy, solver: SCS); optimal value: 0.05555881831011391
(PEPit) Postprocessing: 1 eigenvalue(s) > 1.6617368718060333e-06 before dimension reduction
(PEPit) Calling SDP solver
/usr/local/lib/python3.12/dist-packages/cvxpy/problems/problem.py:1510: UserWarning: Solution may be inaccurate. Try another solver, adjusting the solver
warnings.warn(
(PEPit) Solver status:

optimal_inaccurate (solver: SCS); objective value: 0.05555739775294698
(PEPit) Postprocessing: 1 eigenvalue(s) > 3.4965527908172573e-11 after 1 dimension reduction step(s)
(PEPit) Solver status: optimal_inaccurate (solver: SCS); objective value: 0.055557397696808924
(PEPit) Postprocessing: 1 eigenvalue(s) > 3.516410177191783e-11 after 2 dimension reduction step(s)
(PEPit) Solver status: optimal_inaccurate (solver: SCS); objective value: 0.055557397696808924
(PEPit) Postprocessing: 1 eigenvalue(s) > 3.516410177191783e-11 after dimension reduction

(PEPit) Primal feasibility check
The solver found a Gram matrix that is positive semi-definite up to an error of 6.693242677961387e-07
All the primal scalar constraints are verified up to an error of 1.2427625796854191e-06

(PEPit) Dual feasibility check:
The solver found a residual matrix that is positive semi-definite up to an error of 7.128579897617394e-17
All the dual scalar values associated with inequality constraints are nonnegative

(PEPit) The worst-case guarantee proof is perfectly reconstituted up to an error of 3.4250635130243096e-06

(PEPit) Final upper bound (dual): 0.055555127602021075 and lower bound (primal example): 0.855557397696808924

(PEPit) Duality gap: absolute: -2.270094787849841e-06 and relative: -4.0860351311599134e-05

Figure: Pepit output
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Example 1 — GD for Smooth Convex Minimization
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Example 2 — GD for Smooth (Non-Convex) Minimization

Setting: f € 7, (no convexity), xe41=x —YVf(xt), 7=0095/L, n=3. Init: f(x)—fi = 1.
© Minp<¢<n ||Vf(Xt)||2'
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Example 2 — GD for Smooth (Non-Convex) Minimization

Setting: f € F_,; (no convexity), xe1 = x¢ —YVF(xt),
mino<e<n || V£ (xe)|*.

v=0.95/L, n=3. Init: f(xo)—fi =1.

from PEPit.functions import SmoothFunction

L =1; n = 3; gamma = .95/L

problem = PEP()

f = problem.declare_function(SmoothFunction, L=L)
xs = f.stationary_point ()

gs, fs = f.oracle(xs)

x0 = problem.set_initial_point ()

gx, fx = f.oracle(x0)

problem.set_initial_condition(f0 - fs == 1)
for i in range(n):
problem.set_performance_metric (gx**2)
f.add_constraint (fs <= fx - 1/(2*L) * gx**2)
x0 = x0 - gamma * gx
gx, fx = f.oracle(x0)
problem.set_performance_metric (gx**2)
f.add_constraint (fs <= fx - 1/(2%L) * gx*x2)

pepit_tau = problem.solve(
dimension_reduction_heuristic="logdet3",
tol_dimension_reduction=1e-6)
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Example 2 — GD for Smooth (Non-Convex) Minimization

Setting: f € F_,; (no convexity), xe1 = x¢ —YVF(xt),

Perf: ming<:<n ||Vf(Xt)||2-

from PEPit.functions import SmoothFunction

L =1; n = 3; gamma = .95/L
problem = PEP()

f = problem.declare_function(SmoothFunction, L=L)
xs = f.stationary_point ()

gs, fs = f.oracle(xs)

x0 = problem.set_initial_point ()

gx, fx = f.oracle(x0)

problem.set_initial_condition(f0 - fs == 1)
for i in range(n):
problem.set_performance_metric (gx**2)
f.add_constraint (fs <= fx - 1/(2*L) * gx**2)
x0 = x0 - gamma * gx
gx, fx = f.oracle(x0)
problem.set_performance_metric (gx**2)
f.add_constraint (fs <= fx - 1/(2%L) * gx*x2)

pepit_tau = problem.solve(
dimension_reduction_heuristic="logdet3",
tol_dimension_reduction=1e-6)

v=0.95/L, n=3. Init: f(xo)—fi =1.

(PEPAc) Secting up the problen: size of the Gran metrix: 66

(PEPit) Compiling S|

(repit) Catting S0P sotver

(PEPLE) Solver status: optinal (urseper:ceapy, solvers SCS); gptimal velue: . STARMITEBISTIAS
06 before dimension reductior

(PErLt) Cotting.soF otver
(PEPit) Solver status: optinal_inaccurate (solver: SCS); objective value: 0.3740935075590385
(PEPit) Postprocessing: 1 eigenvalue(s) > 0 after 1 dimension reduction step(s
(PEPLE) Solver status: optinalinaccurate (solver: SCS); oblective value: 0.37408349171665873
(PEPit) Postprocessing: 1 eigenvalue(s) > er 2 dinension reduction stey
(PEpit) Sotver statis optinat. (sotver. SCS); abjective vatoe: 0.37400349081 1473
(PEPLL 1 NEX after 3 dinension reduction step(s)
(PEPde) Solver status: optiml (solver: SCS): ablective values: 0.57dR9R4011T4TS

r dinension reduction

Figure: Effectiveness of Dimred
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Example 2 — GD for Smooth (Non-Convex) Minimization

Setting: f € F_,; (no convexity), xe1 = x¢ —YVF(xt),

Perf: ming<:<n ||Vf(Xt)||2-

from PEPit.functions import SmoothFunction

L =1; n = 3; gamma = .95/L

problem = PEP()

f = problem.declare_function(SmoothFunction, L=L)
xs = f.stationary_point ()

gs, fs = f.oracle(xs)
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pepit_tau = problem.solve(
dimension_reduction_heuristic="logdet3",
tol_dimension_reduction=1e-6)

v=0.95/L, n=3. Init: f(xo)—fi =1.

{pePst) Secting up the problem: size of the Gram matrix: 616

(PEPit) Compiling S

(repit) Catting S0P sotver

(PEPLE) Solver status: optinal (urseper:ceapy, solvers SCS); gptimal velue: . STARMITEBISTIAS
06 before dimension reduction

(PEpit) Catting. sop sotver
(FEPLt) Solver status: optiml_inaceurate (soluers SC5): objective vlue: 0.37140935075590305
(PEPit) Postprocessing: 1 eigenvalue(s) > 0 after 1 dimension reduction stej
(PEPit) Solver status: optinal_inaccurate (sn\vw SCS); abfective vawe: 0. smssmnassm
(PEPit) Postprocessing: 1 eigenvalue(s) > 0 after 2 dimension reduction stej
(PEPL) Solver status: optinal (solvert SC5)} abjective vatoe: 0.37003408115473
PEPit NEX after 3 dinension reduction step(s)
(sEpst) solver status: opma\ {sower: SCS); objective value: 0.3748334981113473

r dinension reduction

Figure: Effectiveness of Dimred

® Multiple perf metrics:
set_performance_ metric keeps the
worst over calls. infry(1 . 6)<r) T is
a convex problem.

® Oracle constraint: f, < fo — 2||g:|°

encodes that x, is a stationary point

no worse than any point in the

trajectory and GD step from x;. ,
9/37



Example 2 — GD for Smooth (Non-Convex) Minimization

Setting: f € F_,; (no convexity), xe1 = x¢ —YVF(xt),

Perf: ming<:<n ||Vf(Xt)||2-

from PEPit.functions import SmoothFunction

L =1; n = 3; gamma = .95/L

problem = PEP()

f = problem.declare_function(SmoothFunction, L=L)
xs = f.stationary_point ()

gs, fs = f.oracle(xs)

x0 = problem.set_initial_point ()

gx, fx = f.oracle(x0)

problem.set_initial_condition(f0 - fs == 1)
for i in range(n):
problem.set_performance_metric (gx**2)
f.add_constraint (fs <= fx - 1/(2*L) * gx**2)
x0 = x0 - gamma * gx
gx, fx = f.oracle(x0)
problem.set_performance_metric (gx**2)
f.add_constraint (fs <= fx - 1/(2%L) * gx*x2)

pepit_tau = problem.solve(
dimension_reduction_heuristic="logdet3",
tol_dimension_reduction=1e-6)

v=0.95/L, n=3. Init: f(xo)—fi =1.

{pePst) Secting up the problem: size of the Gram matrix: 616

(PEPit) Compiling S

(repit) Catting S0P sotver

(PEPLE) Solver status: optinal (urseper:ceapy, solvers SCS); gptimal velue: . STARMITEBISTIAS
06 before dimension reduction

(PEpit) Catting. sop sotver
(FEPLt) Solver status: optiml_inaceurate (soluers SC5): objective vlue: 0.37140935075590305
(PEPit) Postprocessing: 1 eigenvalue(s) > 0 after 1 dimension reduction stej
(PEPit) Solver status: optinal_inaccurate (sn\vw SCS); abfective vawe: 0. smssmnassm
(PEPit) Postprocessing: 1 eigenvalue(s) > 0 after 2 dimension reduction stej
(PEPL) Solver status: optinal (solvert SC5)} abjective vatoe: 0.37003408115473
PEPit NEX after 3 dinension reduction step(s)
(sEpst) solver status: opma\ {sower: SCS); objective value: 0.3748334981113473

r dinension reduction

Figure: Effectiveness of Dimred

® Multiple perf metrics:
set_performance_ metric keeps the
worst over calls. infry(1 . 6)<r) T is
a convex problem.

® Oracle constraint: f, < fo — 2||g:|°

encodes that x, is a stationary point

no worse than any point in the

trajectory and GD step from x;. ,
9/37



Example 3 — GD with Exact Line Search on 7,

Setting: fe F,;, L=1 p=0.1, ~vy=arg min_~g f(xk —yVFf(x)), n=5. Init: f(x)—fi <1
D f(xn) — fi.
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Example 3 — GD with Exact Line Search on 7,

Setting: fe F,;, L=1 p=0.1, ~vy=arg min_~g f(xk —yYV£(x)),

f(xn) — fx.

Init: f(xo) — fi < 1.

from PEPit.functions import \
SmoothStronglyConvexFunction

from PEPit.primitive_steps import \
exact_linesearch_step

L, mu =1, .1; n =5
problem = PEP()

f = problem.declare_function(
SmoothStronglyConvexFunction, mu=mu, L=
xs = f.stationary_point ()
gs, fs = f.oracle(xs)
x0 = problem.set_initial_point ()
g0, f0 = f.oracle(x0)
problem.set_initial_condition(f0 - fs <= 1)
x = x0; gx = g0
for i in range(n):
x, gx, fx = exact_linesearch_step(x, f,
problem.set_performance_metric(fx - fs)

pepit_tau = problem.solve(
dimension_reduction_heuristic=’trace’)

theoretical = ((L - mu)/(L + mu))#**(2%n)

L)

[gx1)

10/37



Example 3 — GD with Exact Line Search on 7,

Setting: fe F,;, L=1 p=0.1, ~vy=arg min_~g f(xk —yVFf(x)), n=5. Init: f(x)—fi <1

f(xn) — fx.
Results:
from PEPit.functions import \ ° T|: ~ 01344
trom PEPL. primstive.steps import \ * GD fixed step:
exact_linesearch_step —
(52) " = 0134430

L, mu =1, .1; n =5
problem = PEP() — Line search has the same worst case

f = problem.declare_function( . N
SmoothStronglyConvexFunction, mu=mu, L=L) performance as Optlma“y tuned leed

xs = f.stationary_point () step size GD.

gs, fs = f.oracle(xs)

x0 = problem.set_initial_point ()

g0, f0 = f.oracle(x0)

problem.set_initial_condition(f0 - fs <= 1)

x = x0; gx = g0
for i in range(n):
x, gx, fx = exact_linesearch_step(x, £, [gx])

problem.set_performance_metric (fx - fs)
pepit_tau = problem.solve(

dimension_reduction_heuristic=’trace’)

theoretical = ((L - mu)/(L + mu))**(2%n)

10/37



Example 3 — GD with Exact Line Search on 7,

Setting: f € F, 1,
f(xn) — fx.

L=1 p=0.1 ~=arg min_~g f(xk —yYV£(x)),

from PEPit.functions import \
SmoothStronglyConvexFunction
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problem.set_performance_metric(fx - fs)
pepit_tau = problem.solve(

dimension_reduction_heuristic=’trace’)

theoretical = ((L - mu)/(L + mu))**(2%n)

L)

[gx1)

n=>5. Init: f(x)—f <1
Results:

® 7. ~0.1344

® GD fixed step:

(Q;—g)% — 0.134430

— Line search has the same worst case
performance as optimally tuned fixed
step size GD.

Gram matrix:
® rank-2 = 2D worst-case
® lterates zigzag in R?

® Each step L to previous gradient
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Setting: f € F, 1,
f(xn) — fx.

L=1 p=0.1 ~=arg min_~g f(xk —yYV£(x)),
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problem.set_performance_metric(fx - fs)
pepit_tau = problem.solve(

dimension_reduction_heuristic=’trace’)

theoretical = ((L - mu)/(L + mu))**(2%n)

L)

[gx1)

n=>5. Init: f(x)—f <1
Results:
° 7l 2~ 0.1344
® GD fixed step:
[ 2n
( “) = 0.134430

Lt
— Line search has the same worst case
performance as optimally tuned fixed
step size GD.

Gram matrix:
® rank-2 = 2D worst-case
® lterates zigzag in R?

® Each step L to previous gradient

Extract 2D:
x.eval() [0:2] 10/37
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Take-Away: PEPit as a Counter-Example Generator

Example 1 Example 2 Example 3
GD, Fo,.L GD, F_,L non-convex GD + line search, F1
D (xn) — fi S ming HVf(xt)H2 D f(xn) — £
rank-1 — 1D rank-1 — 1D rank-2 — 2D

Huber-loss function non-convex, 1D profile zigzag trajectory
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Take-Away: PEPit as a Counter-Example Generator

Example 1
GD, Fo,.
D (xn) — fi
rank-1 — 1D
Huber-loss function

Three lines of interest:

Example 2
GD, F_,. non-convex
ming | VF(xe) )

rank-1 — 1D
non-convex, 1D profile

Example 3
GD + line search, F .
D f(xn) — £
rank-2 — 2D
zigzag trajectory

1. problem.solve(dimension_reduction_heuristic=...) — 7* 4 low-rank G*.

2. point.eval() — worst-case coordinates.

3. f.get_interpolator() — reconstruct worst-case function on a grid.
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Take-Away: PEPit as a Counter-Example Generator

Example 1 Example 2 Example 3
GD, Fo,. GD, F_,. non-convex GD + line search, F .
D (xn) — fi S ming HVf(xt)H2 D f(xn) — £
rank-1 — 1D rank-1 — 1D rank-2 — 2D
Huber-loss function non-convex, 1D profile zigzag trajectory

Three lines of interest:

1. problem.solve(dimension_reduction_heuristic=...) — 7* 4 low-rank G*.
2. point.eval() — worst-case coordinates.

3. f.get_interpolator() — reconstruct worst-case function on a grid.

— PEPit is not just a rate computer, it can produce interpretable, verifiable worst-case instances in low
dimension.
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2. Technical Leftover Details: Interpolation, Homogeneity, Matrices
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Interpolation: definition

Definition : Interpolation on a class F !

For F C C(RY), a set of triplets (x;, g, fi)ics is interpolable by F, written Int(F, (x;, &, fi);), if
IfeF: f(x)=1f and g € 0f(x) Viel
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(Again) Where it matters. The constraint “3f € 7" in the PEP is replaced by a finite set of algebraic
conditions on the triplets.
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Interpolation: definition

Definition : Interpolation on a class F !

For F C C(RY), a set of triplets (x;, g, fi)ics is interpolable by F, written Int(F, (x;, &, fi);), if

IfeF: f(x)=1f and g € 0f(x) Viel

(Again) Where it matters. The constraint “3f € 7" in the PEP is replaced by a finite set of algebraic
conditions on the triplets.

We derive these conditions for the three main classes below, building each one from the previous.
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Definition : Interpolation on a class F !

For F C C(RY), a set of triplets (x;, g, fi)ics is interpolable by F, written Int(F, (x;, &, fi);), if
IfeF: f(x)=1f and g € 0f(x) Viel

Theorem : Interpolation on convex functions

Int(]:O,OO7 (Xl'vgiv f;)') —
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For F C C(RY), a set of triplets (x;, g, fi)ics is interpolable by F, written Int(F, (x;, &, fi);), if
IfeF: f(x)=1f and g € 0f(x) Viel

Theorem : Interpolation on convex functions

Int(}—o,oo, ()(,',g,'7 f,),) <~ Vi,j:

fi > fi+ (g, x —x)
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Interpolation on Fj o, (convex functions)

Theorem : Interpolation on convex functions !
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Interpolation on Fj o, (convex functions)

Theorem : Interpolation on convex functions !

Int(fo,oo,(x;,g,',f,-),-) <~ Vi,j:
fi > fi+ (g, xi — %)
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Interpolation on Fj o, (convex functions)

Theorem : Interpolation on convex functions !

Int(fo,oo,(x;,g,',f,-),-) <~ Vi,j:

fi > fi+ (g, xi—x).

Proof sketch.
(=) If f is convex, the subgradient inequality holds pointwise.

(<) Build f(x) = max;{f; + (gj,x — x;) } (pointwise maximum of affine functions): convex, and interpolates

by construction.

15/37



Interpolation on Fj o, (convex functions)

Theorem : Interpolation on convex functions !

Int(fo,oo,(x;,g,',f,-),-) <~ Vi,j:
fi > fi+ (g, xi — %)

Proof sketch.
(=) If f is convex, the subgradient inequality holds pointwise.

(<) Build f(x) = max;{f; + (gj,x — x;) } (pointwise maximum of affine functions): convex, and interpolates
by construction.

(again) Each condition is linear in f; and bilinear in (g, xi — x;)
— after SDP lifting: Tr(G M) + F"v; > 0.
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Interpolation on F, ., (strongly convex)

Proposition : Interpolation on 7, o, (strongly convex) !

Int(Fy,c0, (xi, 81, fi)i) <=




Interpolation on F, ., (strongly convex)

Proposition : Interpolation on 7, o, (strongly convex) !

Int(]:H,OO7(XI'7gI'7 f;)') < Int ]:07005 (Xi7 8i — KX, fi — %HX"HZ),‘
—— —

&i fi

Derivation. f € F o iff h:=f — £]|- | € Fo,00. Apply the convex interpolation condition to h:

fizfi+ (&5 —x) & fi-5lxl* > 6 - 5lxl® + (g — wg, x — x).
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Interpolation on F, ., (strongly convex)

Proposition : Interpolation on 7, .. (strongly convex) !

Int(]:#,oov(xl':giv f;)') < Int ]:07005 (Xl'v 8i — KX, fi — %HX"HZ),‘
—— —

&i fi

Derivation. f € F o iff h:=f — £]|- | € Fo,00. Apply the convex interpolation condition to h:

fizfi+ (&5 —x) & fi-5lxl* > 6 - 5lxl® + (g — wg, x — x).

Expanding and collecting:
2
fi > fi+ (g, xi —x) + &llxi — x|".

(again) Each condition is quadratic in (x;, gj) and linear in f; — SDP lifting works identically.
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Interpolation on Fy; (smooth convex): Fenchel duality

Proposition : Interpolation on Fj |
J

Int(Fo,., (xi, &g, fi)i) <=
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Interpolation on Fy; (smooth convex): Fenchel duality

Proposition : Interpolation on Fj |
J

Int(Fo,., (xi, &g, fi)i) <=

Key tool: Fenchel (convex) conjugate. For f € F;, the conjugate f*(g) = sup,{(g, x) — f(x)} satisfies:

Legendre—Fenchel facts:
*fcFoL & feFe
® g =Vf(x) & xi=VFf(g)
® f(xi)+ f*(gi) = (gi,xi) (Fenchel-Young
equality)
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J

Int(Fo,., (xi, &g, fi)i) <=

Key tool: Fenchel (convex) conjugate. For f € F;, the conjugate f*(g) = sup,{(g, x) — f(x)} satisfies:

Legendre—Fenchel facts: If f € Fo,1, we define the dual triplets:

° fc FoL & f*e ]:I/L,oo

® g = Vf(X,) & X = Vf*(g,-)

® f(xi)+ f*(gi) = (gi,xi) (Fenchel-Young
equality)



Interpolation on Fy; (smooth convex): Fenchel duality

Proposition : Interpolation on Fj |
J

Int(Fo,., (xi, &g, fi)i) <=

Key tool: Fenchel (convex) conjugate. For f € F;, the conjugate f*(g) = sup,{(g, x) — f(x)} satisfies:

Legendre—Fenchel facts: If f € Fo,1, we define the dual triplets:

° *

feEFoL & € Fi0 With £* := (gi, xi) — f;
* g =Vf(x) & x=Vf"(g) so that £ € Fi/ieo interpolates
® f(xi)+f"(g) = (g, x) (Fenchel-Young il U

equality)
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Interpolation on Fy; (smooth convex): Fenchel duality

Proposition : Interpolation on Fj |
J

Int(Fo,., (xi, 8, )i) <= Int(Fi/1 00, (8, xi, (ginxi) — fi)i)

Key tool: Fenchel (convex) conjugate. For f € F;, the conjugate f*(g) = sup,{(g, x) — f(x)} satisfies:

Legendre—Fenchel facts: If f € Fo,1, we define the dual triplets:

® fe FO,L & fre ]:I/L,oo With f* = <g_ X'> _f

® g =Vf(x) & xi=VFf(g) so that f* € Fj/ o interpolates
® f(xi)+ f*(gi) = (gi,xi) (Fenchel-Young (&i> i, £;7)i.
equality)

Apply the F, o condition (with ;= 1/L, variables (gj, x;, f;*)) and substitute f* = (gj, x;) — f;:
i > fi+ (g, xi—x)+lg— gl (sampled co-coercivity)

Remark: satisfying both sampled Lipschitz gradient (||gi — gj||* < Ll—‘zx,- — xj||*) and sampled convexity
separately (f; > f; + (g, xi — x;)) is NOT sufficient for interpolation.
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Remark: satisfying both sampled Lipschitz gradient (||gi — gjl|> < L?||x; — xj||*) and sampled convexity
separately (f; > f; + (gj, xi — x;)) is NOT sufficient for interpolation.

Remark: satisfying both sampled Lipschitz gradient (f < f; + (gj, x; — x;) + 5||xi — x;||*) and sampled
convexity separately (i > fj + (gj, xi — x;)) is NOT sufficient for interpolation.
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Interpolation on F,; (smooth 4+ strongly convex)

Combining both reductions (strong convexity and Fenchel duality):

Theorem : Interpolation on 7, | !

Int(]‘—#,L, (X,‘,g/7 ﬁ),) <~ Vi#j:

2
2 i—&j
fi> 6+ (g =)+ &g — gl + gt |6 — % — 278
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Interpolation on F,; (smooth 4+ strongly convex)

Combining both reductions (strong convexity and Fenchel duality):

Theorem : Interpolation on 7, | !

Int(Fp.c, (xi, 81, f)i) <= Vi#j:

2
2 i—&
f> 6+ (g x =)+ &lle — gl + s o —x — £

Reading the condition:
1 = 0: recovers the Fy; condition (smooth convex).
L = oo: recovers the F, o condition (strongly convex).
® Always: one condition per ordered pair (i, ), quadratic in (x, g), linear in f.
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Interpolation on F,; (smooth 4+ strongly convex)

Combining both reductions (strong convexity and Fenchel duality):

Theorem : Interpolation on 7, | !

Int(Fp.c, (xi, 81, f)i) <= Vi#j:

2
&i—g
L

2
fi> 6+ (g, xi—x)+ &g — &l + st — x -

Reading the condition:
1 = 0: recovers the Fy; condition (smooth convex).
L = oo: recovers the F, o condition (strongly convex).
® Always: one condition per ordered pair (i, ), quadratic in (x, g), linear in f.

(again) As always, after SDP lifting: each condition becomes Tr(G M;) + F " v; > 0 for explicit matrices
M € RP*P and vectors vj; € RY.
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Homogeneity: normalising the initial condition

Proposition : Homogeneity reduction !

Suppose Perf and Init are degree-2 homogeneous in (x;, gi); and linear in ()f(x;);). Then:

" Perf(xr) :

T = su —_— = su Perf(xr).
fe]—'PA Init(xo) fef,pA (x)
Init(xg)>0 Init(xg)=1
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Homogeneity: normalising the initial condition

_‘ Proposition : Homogeneity reduction !

Suppose Perf and Init are degree-2 homogeneous in (x;, gi); and linear in ()f(x;);). Then:

" Perf(xr) :

T = su —_— = su Perf(xr).
fe]—'PA Init(xo) fef,pA (x)
Init(xg)>0 Init(xg)=1

Proof 1: Via function scaling

Fix any feasible instance (f, x0) with x. = 0 and define the scaled function: fx(x) = R” (). Then:
1. fr € F,,. (same class: L-smoothness and p-convexity are invariant under this scaling).
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Homogeneity: normalising the initial condition

_‘ Proposition : Homogeneity reduction !

Suppose Perf and Init are degree-2 homogeneous in (x;, gi); and linear in ()f(x;);). Then:

" Perf(xr) :

T = su —_— = su Perf(xr).
fe]-'PA Init(xo) fef,pA (x)
Init(xg)>0 Init(xg)=1

Proof 1: Via function scaling

Fix any feasible instance (f, x0) with x. = 0 and define the scaled function: fx(x) = R” (). Then:

1. fr € F,,. (same class: L-smoothness and p-convexity are invariant under this scaling).
2. Vfr(x) = RVf (%) = Vfr(Rx) = RVf (x).

= Thus algorithm starting from Xé? = R xp for fg verifies Vt XtR = Rx;
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Homogeneity: normalising the initial condition

_‘ Proposition : Homogeneity reduction !

Suppose Perf and Init are degree-2 homogeneous in (x;, gi); and linear in ()f(x;);). Then:

" Perf(xr) :

T = su —_— = su Perf(xr).
fe]-'PA Init(xo) fef,pA (x)
Init(xg)>0 Init(xg)=1

Proof 1: Via function scaling

Fix any feasible instance (f, x0) with x. = 0 and define the scaled function: fx(x) = R” (). Then:

1. fr € F,,. (same class: L-smoothness and p-convexity are invariant under this scaling).
2. Vfr(x) = RVf (%) = Vfr(Rx) = RVf (x).
= Thus algorithm starting from X(';? = R xp for fg verifies Vt XtR = Rx;

= Thus the ratio is invariant,
P RPball® _ pall
- - b
IxFl1? Relxoll2 xoll?

so WLOG scale to ||xo*> = 1 by replacing x; < x;/R, g <+ gi/R, f + f;/R*.
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Homogeneity: normalising the initial condition

Proposition : Homogeneity reduction !

Suppose Perf and Init are degree-2 homogeneous in (x;, gi); and linear in ()f(x;);). Then:

" Perf(xr) :

T = su —_— = su Perf(xr).
fe]-'PA Init(xo) fef,pA (x)
Init(xg)>0 Init(xg)=1

Proof 2: After SDP / lifting
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Homogeneity: normalising the initial condition

Proposition : Homogeneity reduction !

Suppose Perf and Init are degree-2 homogeneous in (x;, gi); and linear in ()f(x;);). Then:

" Perf(xr) :

T = su —_— = su Perf(xr).
fe]-'PA Init(xo) fef,pA (x)
Init(xg)>0 Init(xg)=1

Proof 2: After SDP / lifting

After lifting, if we skip the homogenization step the PEP is:
e sup Tr(G Mpers) + F T Vpers
0<G, FERP Tr(G Minit) + F T Vinit
Vk, TI"(G Mk)-i-FTVk:O
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e sup Tr(G Mpers) + F T Vpers
0<G, FERP Tr(G Minit) + F T Vinit
Vk, TI"(G Mk)-i-FTVk:O

— all constraints and the objective are linear in (G, F): (G, F) is feasible iif (AG, A\F) is.
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Homogeneity: normalising the initial condition

Proposition : Homogeneity reduction !

Suppose Perf and Init are degree-2 homogeneous in (x;, gi); and linear in ()f(x;);). Then:

" Perf(xr) :

T = su _— = su Perf(x7).
fe]-'PA Init(xo) fef!)A (x)
Init(xg)>0 Init(xg)=1

Proof 2: After SDP / lifting

After lifting, if we skip the homogenization step the PEP is:
. sup [](G Mperf) an FT Vperf
0<G, FERP Tr(G Minit) + F T Vinie
Vk, TI"(G Mk)-i-FTVk:O

— all constraints and the objective are linear in (G, F): (G, F) is feasible iif (AG, A\F) is.

— For any feasible point with a given objective value, we can build another feasible point , with the same
objective value and Tr(G Minit) + F " Vinie = 1.
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Outline

3. Dual and Proofs
3.1 Understanding the Dual
3.2 Playing with Dual values
3.3 full derivation on GD squared distance
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Lagrangian Derivation of the Dual (no function values)

Primal (simplified: G only, no F): .+ _ sup Tr(G Mpert)
G20, Tr(GMni)=1
vik: Tr(G My)<o
N——

Ineqy
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Primal (simplified: G only, no F):  * _ sup

G?O, Tr(GMini():].
vk: Tr(G My)<o
——

Ineqy

Lagrangian (multipliers: 7 € R for equality, A« > 0 for < 0 constraints):
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L(GT,\) = +7(1 = Te(GMnir)) — > MTr(GMi) = 7 + Tr(G (Moert = 7Miie = 32, AkMO)
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Lagrangian Derivation of the Dual (no function values)

Primal (simplified: G only, no F):  * _ sup

G?O, Tr(GMini():].
vk: Tr(G My)<o
——

Ineqy

Lagrangian (multipliers: 7 € R for equality, A« > 0 for < 0 constraints):

L(G;T,\) = +7(1 = Te(GMinit)) = > MTr(GMy) =T+Tr(G (

— TMinit — > /\kMk))

Dual function: d(7,\) = supg.o £(G;7,A) = 7 + supg,, Tr(G A).

A
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Lagrangian Derivation of the Dual (no function values)

Primal (simplified: G only, no F):  * _ sup

G?O, Tr(GM'mi():].
vk: Tr(G My)<o
——

Ineqy

Lagrangian (multipliers: 7 € R for equality, A« > 0 for < 0 constraints):

L(GT,\) = +7(1 = Te(GMnir)) — > MTr(GMi) = 7 + Tr(G (Moert = 7Miie = 32, AkMO)

=A

Dual function: d(7,\) = supg.o £(G;7,A) = 7 + supg,, Tr(G A).

0 if A0

. Hence d(7, \) = 7 iff — TMinit — >, MM < 0.
400 otherwise.

SUpgyo Tr(G A) = {
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Lagrangian Derivation of the Dual (no function values)

Primal (simplified: G only, no F):  * _ sup

G?O, Tr(GM'mi():].
vk: Tr(G My)<o
——

Ineqy

Lagrangian (multipliers: 7 € R for equality, A« > 0 for < 0 constraints):

L(GT,\) = +7(1 = Te(GMnir)) — > MTr(GMi) = 7 + Tr(G (Moert = 7Miie = 32, AkMO)

=A

Dual function: d(7,\) = supg.o £(G;7,A) = 7 + supg,, Tr(G A).

0 if A0 .
supeso TH(G A) = ' _ Hence d(r, \) = 7 iff — Mt — 2, MMy < 0.
. +00 otherwise.
Dual problem (minimise the upper bound): o inf -
>0, 7

—7Minit =3 AMeMik<0
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Lagrangian Derivation of the Dual (with function values F)

. o, .
Full primal (G = 0 and F € RP): = sup Tr(GMpert) + F " Voers
0<G, FERP
Tr(GMinit)+F T Vinie=1
Vk: Tr(GM)+F T v <0
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Lagrangian Derivation of the Dual (with function values F)

Full primal (G = 0 and F € R”): = sup

0<G, FERP
Tr(GMinie)+F T vini=1
Vk: Tr(GM)+F T v <0

Lagrangian (same multipliers 7, Ax > 0; now F is also a free variable):

L(G,F;T,\) = +7(1 = Tr(GMinit) — F Tvinie) — > A (Tr(GMi) + F T vi)
k

:T+TY(GAG)+FT( —Tvinit—zkkkvk)

=:0F

where Ag = — T Minie — > MM
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SUPGyo, Fere £(G, F; 7, A) is finite iff Ag < 0 and 6F = 0. When finite, it equals 7.
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Lagrangian Derivation of the Dual (with function values F)

Full primal (G = 0 and F € R”): = sup

0<G, FERP
Tr(GMinie)+F T vini=1
Vk: Tr(GM)+F T v <0

Lagrangian (same multipliers 7, Ax > 0; now F is also a free variable):

L(G,F;T,\) = +7(1 = Tr(GMinit) — F Tvinie) — > A (Tr(GMi) + F T vi)
k

:T—FTI’(GAG)-FFT( —Tvinit—zkkkvk)

=:0F

where Ag = — TMinit — >0 MMy
SUPGyo, Fere £(G, F; 7, A) is finite iff Ag < 0 and 6F = 0. When finite, it equals 7.

Full dual:
™ = inf T
k>0, T
—7Minit =3 AMeMik<0
—T Vinit— 2 AkVk=0
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Dual Feasibility = Valid Worst-Case Rate

Claim: if (7, \) is dual feasible, then 7 is a valid worst-case rate, i.e. < 7 for every primal
feasible G.
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Dual Feasibility = Valid Worst-Case Rate

Claim: if (7, \) is dual feasible, then 7 is a valid worst-case rate, i.e. < 7 for every primal
feasible G.

Weak duality: For any primal feasible G and dual feasible (7, \):
< L(G;7,A) < 7.

(Proof)
=L(G;1,)\) — T(Tr(fli/linit) -1) + ; Ak Tr(f(l)\/lk)
:T+Tr(G ( 7TMinit*Zk>\kMk)) <7
= A
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Dual Feasibility = Valid Worst-Case Rate

Claim: if (7, \) is dual feasible, then 7 is a valid worst-case rate, i.e. < 7 for every primal
feasible G.

Weak duality: For any primal feasible G and dual feasible (7, \):
< L(G;7,A) < 7.

(Proof)
=L(G;1,)\) — T(Tr(fli/linit) -1) + ; Ak Tr(f(l)\/lk)
:T+Tr(G ( 7TMinit*Zk>\kMk)) <7
= A

Consequence. Any dual feasible point (7, A) provides:
— A valid upper bound 7 on the worst-case performance.
— An explicit proof certificate: the multipliers A, identify which inequalities matter.

Strong duality (Slater) = the dual optimum equals 7*.
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The LMI as a Proof of the Rate

Setup: dual feasible (7, \x > 0) with — TMinit — >, MMy < 0.
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The LMI as a Proof of the Rate

Setup: dual feasible (7, \x > 0) with — TMinit — >, MMy < 0.
Step 1 — LMI = inequality for all G 3= 0:
VG =0: TI‘(G( _TMinit_Zk)\kMk)) <

0
(G =0, LMl < 0 = Tr(G - LMI) < 0)

.
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VG =0: TI‘(G( _TMinit_Zk)\kMk)) <

0
(G =0, LMl < 0 = Tr(G - LMI) < 0)
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Step 2 — Rewrite for all problem instances (all G 3= 0):

< 7 Tr(GMinit) + Y Ak Tr(GMy)
Nt N —

Init(xp) k Ineqy
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The LMI as a Proof of the Rate

Setup: dual feasible (7, \x > 0) with — TMinit — >, MMy < 0.
Step 1 — LMI = inequality for all G 3= 0:
VG i=0: Tr(G( — TMinie — >, AcMi)) <0
(G0, LMI < 0 = Tr(G - LMI) < 0)

Step 2 — Rewrite for all problem instances (all G 3= 0):
< 7 Tr(GMinit) + Y Ak Tr(GMy)
——

——
Init(xp) k Ineqy

Step 3 — Use algorithm & function-class constraints:
Under the algorithm and function class = Ineq, < 0 for all k, and A\ > 0, so >, AxIneq, < O:

<0 (algo + class)

~ =
< 7 - Init(x) + Z A Ineq,
K

<0
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The LMI as a Proof of the Rate

Setup: dual feasible (7, \x > 0) with — TMinit — >, MMy < 0.
Step 1 — LMI = inequality for all G 3= 0:
VG i=0: Tr(G( — TMinie — >, AcMi)) <0
(G0, LMI < 0 = Tr(G - LMI) < 0)

Step 2 — Rewrite for all problem instances (all G 3= 0):
< 7 Tr(GMinit) + Y Ak Tr(GMy)
——

——
Init(xp) K Ineqy

Step 3 — Use algorithm & function-class constraints:
Under the algorithm and function class = Ineq, < 0 for all k, and A\ > 0, so >, AxIneq, < O:

<0 (algo + class)

~ =
< 7 - Init(x) + Z A Ineq,
K

<0

< 7 - Init(xp).
The LMl is a formal proof of the rate 7. The )\, are its multipliers. 26/37



Primal vs Dual — summary — two sides of the same coin

PEP-primal (find worst-case instance):

" = sup Tr(G Mperf)
0G
Tr(G Migie)=1
Vk, Tr(G My)>0

® Primal feasible G = lower bound on rate

® Primal optimal G* = tight counter-example
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Primal vs Dual — summary — two sides of the same coin

PEP-primal (find worst-case instance):

T = sup

0<G
Tr(G Minir)=1
Yk, Tr(G My)>0

® Primal feasible G = lower bound on rate

® Primal optimal G* = tight counter-example

PEP-dual (find proof certificate):

™ = inf T
(Ak)>0, 7>0

—T Minit_ Ek )\kMk # O

® Dual feasible (A«), ™ = upper bound on rate
® Dual optimal (A\f), 7" = explicit proof (weighted
sum of interpolation inequalities)
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Primal vs Dual — summary — two sides

of the same coin

PEP-primal (find worst-case instance):

*
T =

sup
0<G
Tr(G Miie)=1
Yk, Tr(G My)>0

® Primal feasible G = lower bound on rate

® Primal optimal G* = tight counter-example

Strong duality (Slater’s condition): 7. =

A rate 7 is valid if and only if 3(A«) > 0:

PEP-dual (find proof certificate):

T = inf
(Ak)>0, 7>0

—T Minit_ Ek )\kMk # O

T

® Dual feasible (Ax), ™ = upper bound on rate

® Dual optimal (A\f), 7" = explicit proof (weighted
sum of interpolation inequalities)

*
Tdual-

— 7 Minie — >, MMy < 0.
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Interactive Session #3 (Easy)
Exploring the dual variables with the Streamlit Ul

Activity: GD on F,,; — explore dual multipliers for

1. Go to pepitui-test.streamlit.app

2. Select Gradient Descent, performance metric , init
X — x> < 1

3. Run Solve and observe 7

4. Select both interpolation constraint types (0— % and x—0) and plot
them as a function of ~.

5. Why don't we plot the dual value associated wih the init constraint?

6. Try to guess the symbolic value of the dual values

28/37


pepitui-test.streamlit.app

Interactive Session #4 (Advanced)

Dual variables and minimal proof certificates

Activity: GD on Fy,; — dual certificate for

Switch to performance metric
Why are there more interpolation points involved?

1.
2.
3. Run Solve,
4.
=

Look at all dual multipliers \j;

Play with Recompute:
® Select / unselect individual interpolation inequalities and recompute —

how does 7 change?
® Can you obtain a larger or smaller value by removing constraints?
® What is the minimal set of inequalities for which the tightest rate is still

achieved?
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GD on 7, ;: the 2x2 Gram Matrix

Setting: f € Fo1, x1=x — 78, & = VFf(x), g =0. it: ||xo — x|* < 1. s = X
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GD on 7, ;: the 2x2 Gram Matrix

Setting: f € F.1, xi=x — 78, & = Vf(x), g =0. Init: ||xo — x> < 1.

fi

G = llxo = x> (x0 — x«, &) " 0
(X0 — X« &0) llgoll?

f
Sampled vectors: p; = xo — xi, p» = go. Function values: F = < 0).

J
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GD on 7, ;: the 2x2 Gram Matrix

Setting: f € Fo1, x1=x — 78, & = VFf(x), g =0. it: ||xo — x|* < 1. s = X
. fo
Sampled vectors: p; = xo — xi, p» = go. Function values: F = Pk
*
p— 2 —
G ( [[x0 — x| (xo0 x*2,g0>> " 0
(X0 — X« &0) llgoll
Encoding matrices (no F term for Perf and Init):
1 — 1 0
= Z encodes , Minic = encodes ||xo — X*H2.
- 0 0
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GD on 7, ;: the 2x2 Gram Matrix

Setting: f € Fo1, x1=x — 78, & = VFf(x), g =0. it: ||xo — x|* < 1. s = X

f

f
Sampled vectors: p; = xo — xi, p» = go. Function values: F = ( 0>.

G <<||xo — X*||2 (x0 — X*,go>> ~0

X0 — Xx, 80) llgoll?

Encoding matrices (no F term for Perf and Init):

1 - 1 0
= Z encodes , Minic = encodes ||xo — X*H2.
—y 0 0
fo — fi + Tr(Mo.G) <0 [(0,*) interp.]
7" = sup s.t. fi — fo+ Tr(MwG) <0 [(x,0) interp.]
fo.fe, G0 Tr(Mini G) <1 [normalization]
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Interpolation Constraints: Matrices M;; and Vectors v;;

Each interpolation constraint: Tr(Mj;; G) + v,-jTF <0.
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Interpolation Constraints: Matrices M;; and Vectors v;;

Each interpolation constraint: Tr(Mj;; G) + v,-jTF <0.
Condition (0, *):

Tr(Mox G) 4 v, F < 0

1 ul  —L 1
Mos = v =
I (—L 1 > ° (-1)

i.e. fop — fi + Tr(Mo, G) <0,
encodes

fe > fo+ (g0, xx—x0) + ﬁHgOHZJF ﬁ\\xwxﬁgﬂ?
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Interpolation Constraints: Matrices M;; and Vectors v;;

Each interpolation constraint: Tr(Mj;; G) + v,-jTF <0.
Condition (0, *):

Tr(Mox G) 4 v, F < 0

1 ul  —L 1
Mos = v =
I (—L 1 > ° (-1)

i.e. fop — fi + Tr(Mo, G) <0,
encodes

fe > fo+ (g0, xx—x0) + ﬁHgOHZJF ﬁ\\xwxﬁgﬂ?

Condition (%, 0):

Tr(Myo G) 4 v,oF <0

L - -1
Mo= -1 (" 7" ve=
20L—p) \—p 1 1

ie fi —fo+Tr(MyoG) <0,

encodes fy > f. + 57 g0l + sty ro—xe — |
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Dual: Multipliers, \; = X\, and the Explicit LMI

Associate one multiplier per constraint:
fo — fi + Tr(Mo.G) < 0: A, fo — fo+Tr(MwG) <0: X, Tr(Minie G) <1: 7.
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Dual: Multipliers, \; = X\, and the Explicit LMI

Associate one multiplier per constraint:
fo — fi + Tr(Mo.G) < 0: A, fo — fo+Tr(MwG) <0: X, Tr(Minie G) <1: 7.

Dual equality on F (from the Lagrangian derivation: df = 0):
=T Vinit, —A1 Vox — A2 Va0 = 0
——

=0 =0

—A1 - X2 = ()\2 — )\1) =0 = A= =: A,
-1 1 -1
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Dual: Multipliers, \; = X\, and the Explicit LMI

Associate one multiplier per constraint:

fo — fi + Tr(Mo.G) < 0: A, fo — fo+Tr(MwG) <0: X, Tr(Minie G) <1: 7.

Dual equality on F (from the Lagrangian derivation: df = 0):

—T Vinit —A1Vox — A2 Va0 =0
~~

=0 =0
1 -1 1
—A1 - X2 = ()\2 — )\1) =0 = A= =: A,
-1 1 -1
Dual LMl on G: S := — 7 Mine — A(Mox + My0) <0, 7,A > 0.
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Dual: Multipliers, \; = X\, and the Explicit LMI

Associate one multiplier per constraint:

fo — fi + Tr(Mo.G) < 0: A, fo — fo+Tr(MwG) <0: X, Tr(Minie G) <1: 7.

Dual equality on F (from the Lagrangian derivation: df = 0):

—T Vinit —A1Vox — A2 Va0 =0
~~

> %
1 -1 1
—A — =2 —N) =0 = M=X=A
Dual LMl on G: § := — 7 Minie — AM(Mox + Mio) <0, 7,1 >0.
2ul —(L
Explicit 2x2, using Moy + Mo = ﬁ iz (L+ p) :
M= (L+p) 2
S — L—p oAL-p) | _,
(L+ A 2 A R

— analytical solution in the Lab
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Summary: Three Equivalent Formulations

*
T

X0

with Tnit(xp) = ||x0—x«||?,
Perf(x1) = ||x1—x« ||2.

X Infinite-dim.

% Non-convex

X No algorithm

sup ———=
reF,,. nit(x)

B e oo I

*

T

= sup
G0, F
s.t. interp.

Convex SDP
Finite-dim.

Feasible (G*, F*)
= counter-example

v Convex SDP

— Feasible 7 = valid rate

— Feasible A\ = proof cert.

34/37



Summary: Three Equivalent Formulations

*
T =

sup ———~
feF, , Init(xo)
X
with Init(xo) = ||x0—x |2,
Perf(x1) = ||x1—x«||*
X Infinite-dim.

X Non-convex

X No algorithm

Strong duality (Slater): 7

B e oo I

7" = sup
G=0, F
s.t. interp.

v' Convex SDP
V' Finite-dim.

— Feasible (G*, F*)
= counter-example

v Convex SDP

— Feasible 7 = valid rate

— Feasible A\ = proof cert.

:rimal = 7—(;’Kual'
Any dual feasible (7,A) with S < 0:
interpolation inequalities with weights \).

valid rate 7 AND machine-checkable proof (weighted combination of
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Outline

4. Conclusion
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Summary & References

What we covered:

1. GD convergence proof (co-coercivity)

2. PEP = optimization over functions — SDP
3. Step-by-step for ||xi — x.||*> and f(x1) — fi
4

. Generic framework (any algo, any class, any
metric)

5. Primal = counter-example; Dual = proof
certificate

6. Interpolation conditions & homogeneity
7. Minimal PEPit code

Key references:

Drori & Teboulle (2014). Performance of
first-order methods.

Taylor, Hendrickx, Glineur (2017). Smooth
strongly convex interpolation.

Taylor et al. (2018). Lyapunov functions for
first-order methods.

Goujaud et al. (2022). PEPit: computer-assisted
worst-case analyses.

Github: https:
//github.com/PerformanceEstimation/PEPit

Docs: https://pepit.readthedocs.io
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